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Advanced Quantum Mechanics

Monday, July 15, 2026, 15:00 - 17:00, Exam Hall 3 H13 -112, Blauwborgje 4

The total number ofpoints (excluding the bonus question) is 50. No books/notes are allowed.

Useful formulas can be found on the last page. Do not forget to write your name and student

number on the first sheet and numberpages. Write neatly, ifyou want to get a grade. Good luck.

1. Transformations of states and operators

(a) In this problem, we consider transformations described by the unitary operator û =
of+o). Use the Baker-Campbell-Hausdorff (BCH) formula to factorize Ü:

(1)

Find <p. [4 points]

(b) The eigenstate of the momentum operator [p): plp) = plp) transforms into Ip)'=
Olp). Find Ip)'. [5 points]

(c) The coordinate operatortransforms into e. Find [5 points]

Hint: Use Eq.(1) or the expansion ofedjMd in powers of2.

2. Two-dimensional harmonic oscillator in magnetic field

The electron moves in the potential U(,y) = mg (°4 y°). In addition, a uniform mag­

netic field B is applied along the z axis. Ignore the coupling of the electron spin to the

magnetic field, which in the absence of spin-orbit coupling can be discussed separately. The

Hamiltonian has the form:

(2)

(a) Check that the vector potential A = (-%},%,0) describes the uniform magnetic field

in the z direction. [2 points]

(b) Prove that the Hamiltonian (2) can be written in the form,

( A2 + A2) Q2n_PP5l at," e 4e)2m 'B' 2 y (3)
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where = ,5$, is the Bohr magneton (B "N, o.= 5$ being the cyclotron fre­

quency) and l,= L, is the z-component of the dimensionless orbital momentum. Find

the frequency O. [4 points]

(c) Give a general argument why l, commutes with the Hamiltonian (3) or prove [l,,H]=
0 by direct calculation. [5 points]

(d) Creation and annihilation operators for the x- and y-oscillators are:

: (4)

Prove that the Hamiltonian (3) can be written in the form:

(5)

(it is sufficient to express l, in terms of the creation and annihilation operators).

[4 points]

Hint: What can be said about the following commutators:

(e) Use the states [n,,n,) with n, and n, excitation quanta of the x and y oscillators, re­

spectively,

(6)

to find the spectrum of the 2D harmonic oscillator,

(7)

(the first part of the Hamiltonian (5)). Express the energy in terms of n, and ny, and

find degeneracy of each energy level. [5 points]

(f) The second term in Eq.(5), describing the coupling of the orbital momentum to the

magnetic field, lifts the degeneracy. Find ,/1,0) and É/0, 1). A superposition of the

states /1,0) and [0, 1),

can be written as the column

/Y) = a[1,0)+b]0, 1), (8)

(9)
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Show that in this two-dimensional subspace l, acts as the Pauli matrix o. Find eigen­

values and eigenvectors of l,. Find superpositions of the states [1,0) and [0,1), which

are eigenstates of the Hamiltonian (5), and the corresponding energies. [5 points]

Hint: What are eigenvalues ofo; ?
(g) Bonus question: Show that the operators

(10)

are generators of SU(2) group, the integrals of motion being the Casimir operator

3j?+j?+j? and j. (5 points)

Hint: Answering this question may take time. Solve otherproblemsfirst.

's

FIG. 1: The double slit setup, which is symmetric under yz mirror (dashed line). Electrons propagate from

A to B through two slits in the presence of a solenoid (open circle).

3. Propagator, path integral and Aharonov-Bohm effect

(a) Propagator is the kernel of the evolution operator. For a time-independent Hamiltonian,

(11)

Prove

(12)

[3 points]

Hint: Completeness relation.
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(b) Consider a double slit experiment, in which electrons propagate from A to B (see

Fig. 1). The electron propagator is the sum of two path integrals:

where path I (path II) goes from A to B through the left(right) slit (contributions of

other paths to the propagator are neglected). The points A and B lie on the mirror

symmetry plane, so that for each path I, there is a path II (mirror image) with the same

action: S[an(@)] = S[zr(@)].

An infinitely thin solenoid carrying the magnetic field flux <I> is placed between the

two slits (see Fig. 1). Show that in the presence of solenoid,

where the phase pr is the same for all paths a1(t) and the phase pn is independent of

path an(@). Find p= pn- p1. [5 points]

How is the action of a charged particle modified by the magnetic field in solenoid?

Use Stokes' lemmafor the area bounded by two paths.

(c) In the absence of the solenoid, the electron beam intensity measured at point B is I(0).
Find the intensity I(@) as a function of the flux b in solenoid, in particular, I(" ) and
I(@), where bo ?he is the flux quantum. [3 points]

Hint: What does mirror symmetry tell us about the relative values of the two path

integrals in the absence ofsolenoid?

-,
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Useful formulae
• Commutators:

[á,] = [8,A], [á,€] =i[,ê] + [Ä,€] , [i,€] 8[4,ê] + [4,] ¢

• Transformation of states and operators

/') =0/P), À'0ti0, 001
• • 1 32+.-« + " " 1]]e' 'Be =B+,,A,Bl+5 1A,1A,BI +....

• A ]

BCH formula: e"""_"eiG, ifê= [à,B] commutes with À and B

• Heisenberg equation ofmotion: "$j) dh+ } [À(@),#]

• Completeness relations: 2ln)(n] = Jdxls)(x] = f 5$;Ip)({pl= 1
n

• Harmonic oscillator

,8 we_,,(a })
H=3' 5 =ho a'@+3 •

{
x = ~(a+at)

= -14/ea-a)
an) =Vin-1), @'l)=n+n+1), a'an) =nn), y_(@)4

v'nÎ
• Coherent state

te? ° "
a»=• 2,ah» a»ale»

• Levi-Civita tensor

• Particle in electromagnetic fields

10A (p-1a) , mo? q
E=3,V, B[VA], H= 2n +a, L=',v·4-4

• Angular momentum

jljm) = j3+ 1ljm), jljm) = mljm),

jljm)= /(j-m)(j+m+1)lj,m+1),j lijm)= /(j+m)(jm+1)lj,m- 1)

[a,a']=1


